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Abstract  Through the discussion of the fundamental properties of Lagrangian density for a 
gravitational system, the theoretical foundations of the modified Einstein’s field equations 
TDgRgR MG
µνπµνµνλµνµν
)(
8
2
1 −=−−−   and the Lorentz and Levi-Civita’s 
conservation laws 0)( )()( =−+−∂
∂ TT
x G
g
M
g µνµνµ  are systematically studied. Our 
study confirms the view that they could be used as the premises to establish a new cosmology. 
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1. Introduction 
In the reference [1] a new theory of cosmology has been established which leads to the following 
distinct properties of cosmos: the energy of matter field might originate from the gravitational field; the big 
bang might not have occurred; the fields of the dark energy and some parts of the dark matter would not be 
matter fields but might be gravitational fields. These distinct properties are deduced from the following 
premises: 1), the Lagrangian density of pure gravitational field is supposed to be 
][ )(22)(16)( tDxRG
g
x
G
Lg ++−=− λπ ， from which the modified Einstein’s field equations 
TDgRgR MG
µνπµνµνλµνµν
)(
8
2
1 −=−−−        (1) 
Can be derived; 2), we follow Lorentz and Levi-Civita to use 
g
L
T
Ggdef
Gg µνδ
δ
µν
)(
2)(
−
− =  as the 
energy-momentum tensor density for the gravitational field, therefore the conservation laws of 
energy-momentum tensor density for a gravitational system including matter fields and gravitational fields 
are the Lorentz and Levi-Civita’s conservation laws: 
          0)( )()( =−+−∂
∂ TT
x G
g
M
g µνµνµ                    (2)         
 1
and                           (3) 0)()( =+TT GM
µνµν
but not the Einstein’s conservation laws : 
0)()( )( =∂
∂ −+− tgTg
x GM
µνµν
µ .         
Some people doubt that Ref.[1] contains fundamental mistakes and do not believe the above 
conclusions of Ref.[1]. The aim of this paper is to clear up this doubt. For this purpose we shall study firstly 
the fundamental properties of Lagrangian density for a gravitational system in the more general case and 
then explain the rationality for the Lagrangian density of a pure gravitational field 
 ][ )(22)(16)( tDxRG
g
x
G
Lg ++−=− λπ  and the modified Einstein’s field equations 
TDgRgR MG
µνπµνµνλµνµν
)(
8
2
1 −=−−−                       
At the same time we shall expound the correctness of the Lorentz and Levi-Civita’s conservation laws and 
compare the virtues and the defects between the new theory of cosmology and the prevalent big bang 
cosmology. These studies might help clearing up the doubt about the premises of the new theory of cosmology 
and the conclusions of Ref.[1]. 
  
2. The fundamental properties of Lagrangian density for a gravitational system in the more general case 
In gravitational theories the action integral xdLI xxg 4)()(∫ −=  is always used to study the rules 
of gravitation [2，3，4]. Where g(x) is the determinant of ;)(xgµν )()( xxg L−  is the total Lagrangian 
density of a gravitational system, it can be split into two parts:  
)()()()()()( xGxgxMxgxxg LLL −+−=−  ; )()( xGxg L−  is called gravitational Lagrangian 
density which is composed of gravitational fields only,  )()( xMxg L−  is called matter Lagrangian density 
which is composed of both matter fields and gravitational fields. Therefore )()( xGg L−  describe only pure 
gravitational fields; but besides describing matter fields, )()( xMxg L−  describe also the interactions 
between gravitational field and matter field.  
In the General Relativity, the gravitational Lagrangian is denoted by  
                )(
16
1)( xR
G
xGL π=                                                  (4) 
or               ][ 2)(16
1)( λπ += xRGxGL                                          (5) 
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the matter Lagrangian  is denoted by )(xML
                                   (6) )](
.
);(|);([)( x
ixxMxM hLL µµψψ=
where )(xψ  is the matter field, )(| xψ µ  is the covariant derivative of )(xψ : 
               )()(,)(.2
1)(
,
)(
| xhh
ijxjxi
xx ψσψψ µλλµµ += [5] (7) 
Since the great majority of the fundamental fields for matter field are spinors, it is necessary to use tetrad field 
[5].  The metric field )(. x
ih µ )(xgµν  is expressed by  and we have 
           ;      
ηνµµν ijxjxix hhg )(.)(.)( =
)(.)()(
. xjxijxi hgh νµν
µ η= )()(, xixi hxh νλλν ∂
∂=  ;   etc. 
In the new theory of cosmology established at Ref.[1], the matter Lagrangian  is also denoted by 
Eq.(6):                                        
)(xML
                              )](
.
);(|);([)( x
ixxMxM hLL µµψψ=
but the gravitational Lagrangian is denoted by  
                  ][ )(22)(16)( xDxRG
g
x
G
Lg ++−=− λπ                              (8) 
At here we suppose for the moment that  is a scalar function of {x}, from the cosmological principle it 
can be proved that =D(t). Owing to Eq.(7) 
)(xD
)(xD )()( xMxg L−  can be denoted by the following functional 
form: 
     )](
,.
;)(.);(,
);([)()()( xixixxMxgxMxg hhLL λµµλψψ−=−          (9) 
Since        )( ........
.... ΓΓ−ΓΓ+∂
Γ∂−∂
Γ∂= λνσσµλλλσσµνν
λµλ
λ
λµνµν
xx
gR ,  
              )( ,,,2
1
.. gggg σµνµσννσµ
λσλ
µν −+=Γ  
and  are the dynamical gravitational fields but )(. x
ih µ λ  and  are only nondynamical constant or )(tD
 3
function , so )()( xGxg L−  in Eqs.(4,5,8) all can be denoted by the functional form of the dynamical fields 
 and their derivatives: )(. x
ih µ
])(,.);(,.
);(
.
[)()()( xixixiGxgxGxg hhhLL λσµλµµ−=−                     (10) 
Eq.(9) and Eq.(10) have summarized the general character of the General Relativity and the gravitational theory 
used at Ref.[1], consequently these two theories must all have the general properties deduced from Eq.(9) and 
Eq.(10) which we shall talk about in the following. 
Symmetry exists universally in physical systems, one fundamental symmetry of a gravitational system is 
that the action integrals 
          xdLI xMxgM 4)()(∫ −= xdLI xGxgG 4)()(∫ −= and    
xdLLIII xGxMxgGM 4)()()( )( +−=+= ∫  
satisfy 0=I Mδ  0=I Gδ  and 0=Iδ  respectively under the following two simultaneous 
transformations [2,6]: 
(1), the infinitesimal general coordinate transformation 
    )(xxxx ξµµµµ +=→ ′                                        (11) 
(2), the local Lorentz transformation of tetrad frame 
                                    (12) )()()()()( xjni
j
mx
mnxiixi eexee ηδε−=→ ′′
The symmetry (1) is precisely the symmetry of local space-time translations. 
The sufficient condition of an action integral xdLI xxg 4)()(∫ −=  being 0=Iδ  under 
above transformations is [2,7]: 
      0
,
)( )(0 ≡−+− µ
µξδ LgLg                              (13) 
where δ 0  represent  the variation at a fixed value of . Evidently there are also the relations x
0
,
)( )(0 ≡−+− µ
µξδ LL MgMg and 0,)()(0 ≡−+− µµξδ LL GgGg            (14) 
If there exists only the symmetry (2), Eqs.(13,14) reduce to 0)(0 ≡− Lgδ , 0)(0 ≡− LMgδ  and 
0)(
0
≡− LGgδ  respectively. 
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From Eq.(9) and Eq.(10) we have 
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  As )(xψ  is spinor and  is both tetrad Lorentz vector and coordinate vector, under the 
infinitesimal general coordinate transformation and the local Lorentz transformation of tetrad frame, it is not 
difficult to derive the following induced variations [3]: 
)(
.
xih µ
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  Putting Eqs.(17-21) into Eq.(15) and Eq.(16); using 
0
,)()(0 ≡−+− ΛΛ µµξδ gg , where or or  ; LM=Λ LG=Λ LL GM +=Λ
owing to the independent arbitrariness of , , , , , 
and , we obtain the following identities:  
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From Eq.(28) the another identity: 
0
.
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αλσµσλµ
                                      （29） 
can be deduced. 
Eqs.(25-28) stem from the symmetry of transformation Eq.(11) , the conservation laws of energy-
-momentum tensor density for a gravitational system can be derived from these identities; we shall discuss the 
derivation in the following section. Eqs.(22-24) stem from the symmetry of transformation Eq.(12) , the 
conservation laws of spin density for a gravitational system [2] can be derived from these identities; since the 
conservation laws of spin density for a gravitational system require to study specially, we shall not discuss the 
problem in this paper. 
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3.Equations of fields and Conservation laws of energy-momentum tensor density for a gravitational 
system  
   The equations of fields for a gravitational system can be derived from  
04)()( )(00 =−= ∫ xdLI xxgδδ                               (30) 
where )()()()()()( xGxgxMxgxxg LLL −+−=−  , Iδ 0 is the variation of I correspponding to 
the variations of the dynamical field variable for the gravitational system at a fixed value of . If the 
dynamical field variables of the gravitational system are 
x
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where  are arbitrary and independent variations, they may be or may not be  
symmetrical variations. 
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.
),( 00 x
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Substituing Eq.(31) into Eq.(30), using Gauss’ theorem, and setting  and their 
derivatives all equal to zero at the integration limits, we find 
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Since )(
.
),( xix h µψ  are independent dynamical field variables, Eq. (32) is equivalent to the following two 
equations: 
0
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Eq.(34) is always rewritten in the following form: 
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Eq.(33) is the equation of matter field; Eq.(34) or Eq.(34’) are the equations of vierbein field  which 
are gravitational fields.   
)(. x
ih µ
It is well known that, in the special relativity, the conservation laws of energy-momentum tensor density 
for a physical system is originated from the action integral xdLI xxg 4)()(∫ −= of this physical system 
being invariant under space-time finite translations [8]. In relativistic theories of gravitation, there are no 
symmetry of space-time finite translations but have only the symmetry of local space-time translations 
)(xxxx ξµµµµ +=→ ′ ,which is equivalent to the infinitesimal general coordinate transformation Eq.(11). 
In the following we shall use this local symmetry to deduce some identities which might be regarded as the 
conservation laws of energy-momentum for a gravitational system. 
Eq.(25) can be transformed into 
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Utilizing Eq.(27), Eq.(26) can be transformed into 
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Let  and use the equations of fields Eqs.(33,34), from Eq.(35) and Eq.(36) we get 
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Let and ，we get the further relations:                                               LM=Λ LG=Λ
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Rewrite Eq.(37) as 
 11
 0
,.
)
,.
)(
(
,.
,.
)(
,.
,.
)(
,.
,.
)(
,
,
)(
)
(
=
∂
−∂
∂
∂+
∂
−∂
−
∂
−∂
−−+
∂
−∂
−∂
−∂
−−
∂
∂
h
h
L
x
h
h
L
h
h
L
L
h
h
LL
L
x
i
i
Gg
i
i
Ggi
i
Gg
Gg
i
i
MgMg
Mg
αµ
λσµ
σ
σαµ
λσµ
αµ
λµ
λ
α
αµ
λµ
αλ
λ
αλ
δ
ψψδ
                    (37’) 
This relation might be looked upon as a conservation laws of energy-momentum tensor density for gravitational 
system; owing to that in the special relativity ψψδ αλ
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)(
(
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,.
)(
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)(
∂
−∂
∂
∂+
∂
−∂
−
∂
−∂
−− might be 
interpreted as the energy-momentum tensor density of pure gravitational field. Consequently the energy-
-momentum tensor density of matter field is always definded as 
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)(
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)(
,
,
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)(
.
)(
.
)(
.
)(
h
h
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h
L
xh
L
h
L
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i
i
MgMg
Mgi
i
Mg
i
Mg
i
Mg
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iM
g
αµ
λµ
α
λ
λ
α
α
µλ
µ
λλδ
δλ
ψψδ ∂
−∂
−
∂
−∂
−−=
∂
−∂
∂
∂−
∂
−∂−
− ==
   （43） 
In Eq.(43) the relation represented by Eq.(41) is used. The definition of Eq.(43) is equivalent to the definition 
g
L
T
Ggdef
Gg µνδ
δ
µν
)(
2)(
−
− = . is a tensor with mixed indexes, there exists the relation: T iMλ. )(
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ThT iM
i
M
λ
α
λ
α
.
)(.
.
)(
= . Some scholars define the energy-momentum tensor density of pure gravitational field as 
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−∂
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∂
−∂
−−=
                  (44) 
Then the conservation laws of energy-momentum tensor density for a gravitational system may be expressed by  
        0)()( )( =∂
∂ −+− tgTgx GM
λ αλ αλ                                           （45） 
Which is equivalent to the Einstein’s conservation laws. But the quantity t Gλ α)(  is not tensor, that Eq.(45) lacks 
the invariant character required by the principles of general relativity is its serious defects. There is another 
definition, some other scholars define the energy-momentum tensor density of pure gravitational field as 
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α
µσλσ
µαµ
λσµ
σ
σαµ
λσµ
αµ
λµ
λ
α
α
µσλσµµλ
µ
λ
λ
λ
δ
δ
δ
∂
−∂
+
∂
−∂
∂
∂+
∂
−∂
−
∂
−∂
−−=
∂
−∂
+
∂
−∂
∂
∂−
∂
−∂
=
−
−
∂∂
∂
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∂
=
                   (46) 
T iG
λ.
)(
is also a tensor with mixed indexes, and we have: . Thus the conservation laws of 
energy-momentum tensor density for a gravitational system may be expressed also by  
ThT iG
i
G
λ
α
λ
α
.
)(.
.
)(
=
          0)()( )( =∂
∂ −+− TgTgx GM
λ αλ αλ                                          
which is exactly the Lorentz and Levi-Civita’s conservation laws, i.e. Eq.(2). Eq.(38) tell us that  
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           0)()( =+TT GM λ αλ α  
which is just Eq.(3). It must indicate that relates with T G
λ
α
.
)( t G
λ α)(  by (compare Eq.(44) with Eq.(46)) 
          
)
.
,.
)(
(
2
)()( hh
L
xx
tT ii
Gg
G
g
G
g α
µσλσ
µ
λ
α
λ
α ∂
−∂
+−=−
∂∂
∂
                     (47) 
Consequently 0)()()()( )()( =∂
∂=
∂
∂ −+−−+− tgTgxTgTgx GMGM
λ αλ αλ
λ αλ αλ , because 
Eq.(29), 
.0)
.
,.
)(
(
3
=
∂
−∂
∂∂∂
∂ h
h
L
xxx
i
i
Gg
α
µσλσ
µλ   These relations tell us that the Lorentz and 
Levi-Civita’s conservation laws is conneting intimately with the Einstein’s conservation laws. 
Einstein did not agree with Eq.(3) [9], because he believed that the relation expressed by Eq. (3) should 
make the energy-momentum of a material system, being 0)( ≠T M µν  in the initial state, to 0)( →T M µν  
spontaneously. By using Boltzmann’s relation S=k ln N , we have shown that this view is incorrect [1,10]. An 
important debate was evoked about the definitions of energy-momentum tensor density for gravitational field and 
the related conservation laws in 1917-1918 [9]; Einstein is on the one side of that debate, his opponents are 
Levi-Civita and others. This debate had not reached unanimity, but because Einstein enjoyed great prestige among 
academic circles and many scholars followed him, therefore the definition Eq.(44) and the Einstein’s conservation 
laws have become the prevalent views now in the gravitational theory. The author hold that, as the Lorentz and 
Levi-Civita’s conservation laws being to connect intimately with the Einstein’s conservation laws, these two 
conservation laws are all well worth to consider carefully. Which law is correct on physical side ? This question 
can answer only by experimental and observational tests. To affirm subjectively a law is not suitable. In the last 
few years the author have thoroughly studied Lorentz and Levi-Civita’s conservation laws and found that these 
conservation laws have abundant physical contents [1,10-13] which can be tested via experiments or observations. 
In these respects, the Lorentz and Levi-Civita’s conservation laws will undoubtedly be used as one of important 
theoretical foundations to establish a new cosmology. 
From Eq.(34’), i.e. 
h
L
h
L
i
Mg
i
Gg
µµ δ
δ
δ
δ
.
)(
.
)( −
−=
−
 and the definition
h
L
T
i
Mg
iM
g
µ
µ
δ
δ
.
)(.
)(
−
=−  
the gravitational field equations take the form: 
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                T
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L
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i
Gg µ
µδ
δ .
)(
.
)(
−−=
−
                                           (48) 
For )(
16
1)( xR
G
xGL π= , )(
.
2
1.
8
1
.
)(
RgR
h
L
ii
g
Gi
Gg µµ
π
µδ
δ −−=−  , we get Einstein gravitational field 
equations without cosmological constant : TRgR MG
µνπµνµν
)(
8
2
1 −=− ; 
For ][ 2)(16)( λπ +
−=− xRG
g
x
G
Lg , )( ..2
1.
8
1
.
)(
gRgR
h
L
iii
g
Gi
Gg µλµµπ
µδ
δ −−−=−  , we get 
Einstein gravitational field equations with cosmological constant : 
 TgRgR MG
µνπµνλµνµν
)(
8
2
1 −=−− ; 
For ][ )(22)(16)( tDxRG
g
x
G
Lg ++−=− λπ , 
 )( ...2
1.
8
1
.
)(
DggRgR
h
L
iiii
g
Gi
Gg µµλµµπ
µδ
δ −−−−=−  , we get the modified Einstein’s field 
equations in the new theory of cosmology established at Ref.[1] :  
TDgRgR MG
µνπµνµνλµνµν
)(
8
2
1 −=−−− ( ) .                   DgD
def µνµν =
This equation is just Eq.(1). 
It is evident that all of these gravitational field equations are fully rational and well worth a more 
careful examination. Which gravitational field equations is correct ? This question can only be answered by 
experimental and observational tests. To affirm subjectively a gravitational field equations is not suitable. 
Anyhow, the modified Einstein’s field equations i.e. Eq.(1) will undoubtedly be used as one of important 
theoretical foundations to establish a new cosmology. 
 
4. Some comparisons between the standard big bang cosmology and the new cosmology established in 
Ref.[1]  
The detailed content of the new cosmology have been presented in Ref.[1], we shall not repeat to write 
it in this paper; we shall make only some comparisons between the standard big bang cosmology (SBBC) and 
the new cosmology (NC) established in Ref.[1]. 
The common or similar character of SBBC and NC are:  
1), The universe is assumed to be spatially homogeneous and isotropic [1] ( this assumption is called 
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cosmological principle), so the universe has the Robertson-Walker metric [5] 
  }sin
1
{)( 22222
2
2222 φθθτ drdr
kr
drtadtd +++−= − ,  and the energy-momentum tensor 
of the matter field should take the form of ideal fluid [5]  . gpuupT MMMM
µννµµν ρ ++= )()(
2), The universe is expanding. 
3), These two cosmologies all could explain the microwave radiation background [1,5]; in SBBC it is 
believed that the microwave radiation background is just the left-over radiation from the big bang; in NB it is 
supposed that the universe might have taken place a change from the radiation-dominated era to the 
matter-dominated era which is similar with SBBC, and it is considered that the microwave radiation background 
is just the left-over radiation from this change. 
The different character of SBBC and NC are: 
1), In SBBC it is believed that the universe has a beginning state called the big bang, but in NB it is 
believed that the big bang might never have occurred since NB maintains that the universe is without a 
beginning and without an end and considers that the state →ρM ∞ might never have existed [1].  
2), In NB there is the possibility that the energy of matter field might originate from the gravitational 
field [1], but SBBC does not study the origin of the matter field’s energy, it is assumed that the total energy of 
matter fields (including the inflation field) has existed since the big bang. 
3), In SBBC the observed abundances of light nuclei in the universe are explained as the result of 
nucleon-synthesis taking place in the early universe at a temperature of about10  ( ). In NB although 
the observed abundances of light nuclei in the universe could be explained with the same reason as SBBC, but it 
also could be explained that the light nuclei in the universe are formed from hydrogen nuclei in the interiors of 
stars [1]. 
9 K0
4), NB affirms that  are two quantities to represent the pure gravitational field and 
does not consider them as the quantities to represent matter field in essence, 
Dg and µνµνλ
Dg and µνµνλ could be 
interpreted as dark energy and a main part of dark matter respectively; but in SBBC although gµνλ could be  
interpreted as dark energy also, yet it is always considered to be a part of matter field; especially there is no 
quantity Dµν  in SBBC, the dark matter is looked entirely as some kinds of material matter [1]. 
From the above comparisons it is evident that the range of study for NB is greater than that for SBBC；
moreover, through studing NB several experimentst and observations to test whether SBBC or NB is correct are 
advanced.As many new evidences of observations [14, 15, 16] have brought out some crucial weaknesses of 
SBBC. It is necessary to introduce new concepts and new theories, so I believe that to study NB is significant. 
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